The existing results on controllability of multi-agents networks are mostly based on homogeneous nodes. This paper focuses on controllability of heterogeneous multi-agent networks, where the agents are modeled as two types. One type is that the agents are of the same high-order dynamics, and the interconnection topologies of the information flow in different orders are supposed to be different. It is proved that a heterogeneous-topology network is controllable if and only if the firstorder information topology is leader-follower connected, and there exists a Laplacian matrix, which is a linear combination of the Laplacian matrices of each order information, whose corresponding topology is controllable. The other type is that the agents are of generic linear dynamics, and the dynamics are supposed to be heterogeneous. A necessary and sufficient condition for controllability of heterogeneous-dynamic networks is that each agent contains a controllable dynamic part, and the interconnection topology of the network is leader-follower connected. If some dynamics of the agents are not controllable, the controllability between the agents and the whole network is also studied by introducing the concept of eigenvector-uncontrollable. Different illustrative examples are provided to demonstrate the effectiveness of the theoretical results in this paper.
Introduction
During the past few decades, control of networked systems has become a popular topic because of the broad applications of networks in areas such as cognitive control of brain networks [1] , network neuro-flow in different order may possibly be different [29] . For these kinds of networks, we collectively call them heterogeneous multi-agent networks. The study of controllability of heterogeneous MANs is just in its early stage [12] . Especially, for second-order heterogeneous-topology networks, the investigations only focused on consensus problems [29, 30] , and to the best of our knowledge, controllability of highorder networks with heterogeneous topologies has not yet been discussed.
Motivated by the above analysis, this paper studies controllability for heterogeneous multi-agent networks. The main contributions of this paper are summarised as follows: For high-order agent networks, the investigation focuses on the relationship between controllability and the topologies of information flow in different order. For generic-linear agent networks, since the agents may have different dimensions, feedback of each agent is introduced for communication, and the controllability is studied via the feedback gains. Necessary and sufficient graphic conditions are established for heterogeneous MANs to be controllable (including two situations where the networks with high-order dynamic agents and with different generic dynamic agents).
This paper is organized as follows: Section II introduces and proposes some basic concepts and mathematic tools for this paper. Main results on controllability of heterogeneous MANs are obtained in Section III. Numerical examples are provided in Section IV to illustrate the theoretical results. Conclusions are drawn in Section V.
Notations : The set of n-dimensional real vectors is denoted by R n and the set of m × n real matrices is denoted by R m×n . Matrix diag(a 1 , a 2 , · · · , a n ) is the matrix with principal diagonals a 1 , a 2 , · · · , a n , where a i ∈ R n i ×n i , i = 1, 2, · · · , n. Denote (0, · · · , 0) T , (1, · · · , 1) T ∈ R n as 0 n and 1 n , respectively. Let e i (n) represent the i-th column of the identity matrix I n , and (n) is omitted without misunderstanding.
Let sp{L 1 , L 2 , · · · , L m } denote the matrix space {L|L = k 1 L 1 + k 2 L 2 + · · · + k m L m , k i ∈ R, i = 1, 2, · · · , m}. / 0 represents the empty set and ⊗ represents the Kronecker product. S/T represents the set of all the elements in S but not in T .
Preliminaries 2.1 Graph theory
An undirected graph G = (V, E) consists of a vertex set V = {v 1 , v 2 , · · · , v n }, and an edge set E ⊆ V × V.
In graph G, e i j ∈ E if and only if e ji ∈ E, and v i , v j are said to be adjacent with each other. The neighbor set of v j is denoted by N j = {v i ∈ V|(v i , v j ) ∈ E}. The adjacency matrix of G is A(G) = (a i j ) ∈ R n×n , where a i j > 0 is the weight of edge e ji (as well as e i j ), and
the same number of nodes, then, the union graph of G 1 , · · · , G m is the graph whose adjacency matrix is
Model formulation
Definition 1 For a linear systemẋ = Ax+Bu, A ∈ R n×n , B ∈ R n×m , we call it {ξ 1 , · · · , ξ s }-uncontrollable if:
2) For any left eigenvector of A, denoted asξ , satisfyingξ T B = 0, it holdsξ ∈ span{ξ 1 , · · · , ξ s }.
Specially, if the system is controllable, we also call it / 0-uncontrollable.
If systemẋ = Ax + Bu, A ∈ R n×n , B ∈ R n×m is controllable, we say (A, B) is controllable for convenience.
Example 1 Consider the linear systeṁ
which is not controllable. The left eigenvectors of A corresponding to eigenvalue 3 are k(5, 6, 2) T , k = 0, which are orthogonal to (0, −1, 3) T . The other eigenvectors are not orthogonal to (0, −1, 3) T . This makes the system be {(5, 6, 2) T }-uncontrollable.
share the same eigenvalue of A, 1 ≤ r ≤ s, then, for any linearly independent η 1 , · · · , η r satisfying η j ∈ span{ξ i 1 , · · · , ξ i r }, j = 1, 2, · · · , r, the system is also Ξ-controllable, where
T , one obtains that there exists an invertible Q ∈ R n×n such that Θ η = QΘ ξ . Thus, it yields Θ η B = QΘ ξ B = 0 and
which means η 1 , · · · , η r are also left eigenvectors of A with the corresponding eigenvalue λ . Obviously, for the interconnection topologies of MANs in this paper, named "leader-follower connected", which is also a basic necessary condition for multi-agent controllability.
Definition 2 [15] An interconnection graph G is said to be leader-follower connected if for each connected component of G, there exist at least one leader in the component.
Main results on preserving controllability
This section discusses controllability of heterogeneous multi-agent networks. In the first subsection, agents in the network are modeled as the same high-order dynamic systems, but the interconnection topologies of the information flow in different order are allowed to be different. In the second and the third subsections, the agents are modeled as different generic-linear dynamic systems, whereas the information interaction is under the same dimension.
Controllability of Heterogeneous-Topology MANs
For a high-order MAN, the dynamic of each agent is modeled as
= u i , where u i is the control input and x l i is said to be the l-th order information, l = 1, 2, · · · , m, i = 1, 2, · · · , n. The control inputs are supposed to follow the consensus-based protocol:
where a l i j is the interconnection coupling of the l-th order information between x l i and x l j , k i is the feedback gain, u oi ∈ R is the external control on the leader agent v i , and u oi = 0 when v i is a follower. Then, the state of each agent is
(1) 
where e i is the i-th column of
Network (2) is said to be controllable if for any initial state x(t 0 ) = x 0 and target state x * , there exist a finite time T > t 0 , a control input u o , and k 1 , · · · , k m ∈ R such that x(T ) = x * . We conclude the controllability of Network (2) as follows.
Theorem 1 Network (2) is controllable if and only if there exists
is controllable and the topology corresponding to L 1 is leader-follower connected.
is controllable, which is to say, no left eigenvector of Q is orthogonal to e m ⊗ B. Suppose that Q has an eigenvalue λ with the corresponding left eigenvector
. . .
With simple transformation, one obtains
Substituting (4) into the first equation in (3) yields
According to the PBH Test, Network (2) is controllable if and only if for all λ ∈ Λ(Q), the corresponding
is controllable, especially, when λ = 0, the left eigenvectors of L 1 corresponding to the eigenvalue 0 are not orthogonal to B, i.e., the topology corresponding to L 1 is leader-follower connected. On the other hand, if there exist
is controllable, i.e., (5) holds for λ = 1 (here λ = 1 is not required to be an eigenvalue of
corresponding to the eigenvalue 0 are not orthogonal to B, it means all the left eigenvectors ofL, denoted one of whom as β T m (λ ), satisfy β T m (λ )B = 0. Since β T can be calculated by (5), it also holds that (2) is controllable.
Remark 1
The necessary and sufficient condition for Network (2) to be controllable has two parts, one is the existence ofL making (L, B) controllable, and the other is the topology corresponding to L 1 being leader-follower connected. The second condition is not contained in the first one, and is therefore important. As one can see, although the feedback gains k 1 , · · · , k n affect the eigenvalues of Q, they do not affect the 0 eigenvalue. When λ = 0, the only condition regarding the topologies on controllability falls on the (left) eigenvectors of the eigenvalue 0 of L 1 . Physically, the request of the second condition originates from the modelẋ
i is the information of the lowest order. Corresponding
to the eigenvalue 0, only the information of the lowest order affects the controllability of the network. If some of the agents cannot receive the lowest-order information from any leader, the lowest-order states of the agents can not be completely controlled, which makes the network uncontrollable. However, for the non-zero eigenvalues, the information in different orders can jointly affect the states of each order, and one can make the network controllable by adjusting proper feedback gains. 
On one hand, if (L, B) is controllable, the left eigenvectors of L are not orthogonal to B. Since L ∈ {kL|k ∈ R}, it can be declared that network (2) is controllable according to Theorem 1. On the other hand, if the network is controllable, there exists a k = 0 such that when
Theorem 1 implies that the network can be controllable even if none of the interconnection topologies of each order information is controllable. This is because the information in different orders may uniformly contribute to achieving controllability. Corollary 1 is a main result in [17] . However, Theorem 1 generalises it to the heterogeneous-topology situation. To verify the controllability of Network (2), we provide a method via the union graph.
Proposition 2 1. Network (2) is controllable if the union graph of G 1 , · · · , G m is controllable and G 1 is leader-follower connected. (2) is uncontrollable if the union graph of G 1 , · · · , G m is not leader-follower connected, or G 1 is not leader-follower connected. 
Network
Proof 4 1. If the union graph of G 1 , · · · , G m is controllable, it means (L, B) is controllable, wherẽ L = L 1 + · · · + L m . Since G 1 is leader-follower connected, by Theorem 1, Network (2) is controllable. 2. If the union graph of G 1 , · · · , G m is not leader-follower connected, for all k 1 , · · · , k m ∈ R, the corre- sponding graph ofL = k 1 L 1 + · · · + k m L
Controllability of Heterogeneous-Dynamic MASs
The heterogeneous-dynamic MANs are modeled aṡ
where
pairs (the uncontrollable situation will be discussed later), i.e., there exist invertible matrices T 1 , · · · , T n such that
x i2 . . . 
The compact form of Network (6) under the protocol is
Network (7) is said to be controllable if for any initial state x(t 0 ) = x 0 and target state x * , there exist a finite time T > t 0 , a control input u o , and β i ∈ R m i , i = 1, 2, · · · , n such that x(T ) = x * . To investigate controllability of network (7), the simplest single-leader case is firstly considered. The Laplacian matrix of the interconnection topology is denoted to be L in the following.
Lemma 1 For an MAN, if there is only one leader (i.e., r = 1) and the interconnection topology is connected, then for any selection of the single leader, there exists a Denote Q = (µT −1 − ΛT −1 K, T −1 B), since B contains only one column, it follows that q i j = ξ i j (µ − λ i k j ) if j ≤ n and q i,n+1 = ξ il (here ξ i j represents the j-th element of ξ i ). Next we prove that there Similarly, it is straightforward to prove that for different eigenvalues λ i 1 , · · · , λ i s , for any selection of
ofQ are linearly independent for all µ. Furthermore, one can prove that for any Λ, almost all selections of k 1 , k 2 , · · · , k n = 0 makeQ be always of full row rank for all µ. Since ξ T 1 B = 0, one concludes that there exists a K = diag(k 1 , · · · , k n ) such that rank(µI − LK, B) = n holds for all µ ∈ C, i.e., (LK, B) is controllable.
Example 2 Consider an interconnection topology depicted in Figure 1 , if agent 1 is the single leader, (L, e 1 ) is obviously uncontrollable. However, let K = diag(1, 1, 2, 1), one can see that (LK, e 1 ) is controllable. Lemma 2 If the interconnection topology of an MAN is leader-follower connected, then there exists a
Proof 7 If the interconnection topology is connected, this is exactly Lemma 1. If the interconnection topology contains r > 1 connected components, then one can properly reorder the identifiers of the agents (7) is controllable if and only if the interconnection topology is leader-follower connected.
Proof 8 Suppose that Ω−L has an eigenvalue λ with the corresponding left eigenvector
This means Network (7) is controllable if and only if there exist
Sufficiency: If the interconnection topology of Network (7) is leader-follower connected, by Lemma 2,  there exists a K such that (LK, B) is controllable. Selecting β i1 = k i and
Without loss of generality, suppose that the r-th connected component of the interconnection topology contains no leader, i.e., the last r rows of B are all 0. Apparently, for any K, LK contains a left eigenvector ζ T = (0 T n 1 , · · · , 0 T n r−1 ,ζ T ), which satisfies ζ T B = 0. This contradicts that
Theorem 2 Network (7) is controllable if and only if the following two conditions are satisfied simultaneously:
ii) The interconnection topology of the network is leader-follower connected.
Proof 9 Sufficiency: Since matrix pairs (A i , b i ), i = 1, 2, · · · , n are all controllable, by Lemma 3, the interconnection topology being leader-follower connected makes network (7) controllable.
Necessity: If (A i , b i ) is not controllable for some i, the state of agent i is uncontrollable, which makes the whole network uncontrollable. Therefore, (A i , b i ), i = 1, · · · , n must be controllable. According to Lemma 3, since Network (7) is controllable, the interconnection topology must be leader-follower connected.
Theorem 2 shows that Network (7) is controllable if and only if the agents' dynamics are all controllable and the interconnection topology is leader-follower connected. This means Network (7) can be controllable even if (L, B) is not controllable. Especially, if (L, B) is controllable, one can design the feedback gains as follows.
is controllable, then selecting β 11 = β 21 = · · · = β n1 = 0 and β i j = 0, i = 1, 2, · · · , n, j = 2, 3, · · · , m i makes Network (7) controllable.
Proof 10 Refer to the proof of Lemma 3, if β 11 = β 21 = · · · = β n1 = q = 0 and
This means that when β 11 = β 21 = · · · = β n1 = 0, the controllability of Network (7) and (L, B) are equivalent. Therefore, if (A i , b i ), i = 1, · · · , n are supposed to be controllable, Network (7) is also controllable under this selection of feedback gains.
The following corollary has appeared in [17] , which can be directly obtained from Theorem 2 as a special case. Remark 2 Counter-intuitively, for the simple case that the agents are all of the first-order dynamic, leader-follower connection is only a necessary condition, but it is both necessary and sufficient for the general case, i.e., agents of heterogenous generic-linear dynamics. The reason of this difference relies in the feedback gains β 1 , · · · , β n . Actually, the effect of β 1 , · · · , β n is to machining the state information of each agent. Degenerate it to the simple caseẋ = u, if one gives each agent an independent feedback gain k i respectively, the protocol turns to be u i = ∑ To investigate controllability of heterogeneous MANs with uncontrollable nodes, controllability of MANs with inhomogeneous dynamics should be firstly discussed. Compare the two models in Networks (1) and (6) , if m 1 = m 2 = · · · = m n = m and α 1 = α 2 = · · · = α n = 0 in (6), the two models are exactly the same. Mathematically, the model of high-order dynamic agents with heterogeneous topologies is a special case of the model of heterogeneous dynamic agents. Therefore, the inhomogeneous dynamic is modeled for heterogeneous dynamic multi-agent networks. Consider the network
We compare its controllability with that of Network (7). (8) is equivalent to that of Network (7).
Theorem 3 Controllability of Network

Proof 12
Consider the controllability ofẋ = Ax + Bu + f (t), A ∈ R n×n , B ∈ R n×m , let x =x +x such
According to the definition of controllability, the network is controllable if and only if for any x * ∈ R n , there exists an input u such thatx = x * −x. However, it is equal to that for any x * * ∈ R n , there exists a control input u such thatx = x * * , i.e., (A, B) is controllable. Therefore, for network (8) , it is controllable if and only if (Ω −L, e i ⊗B i ) is controllable, which means (L, B), (A 1 , B 1 ), · · · , (A n , B n ) are all controllable. This implies that controllability of Network (7) is equivalent to that of Network (8).
Corollary 5 Network (8) is Ξ-uncontrollable if and only if Network (7) is Ξ-uncontrollable, where Ξ = {ξ 1 , · · · , ξ s }.
Proof 13 Network (8) is controllable if and only if
is of full row rank, which is a necessary and sufficient condition for Network (7) to be controllable. This implies that the controllability matrices of Networks (8) and (7) are exactly the same.
Theorem 4 For matrix pairs (
tively, then Network (7) is {ξ i j ⊗ e i |i = 1, · · · , n; j = 1, · · · , s i }-uncontrollable if and only if the interconnection topology is leader-follower connected.
Proof 14 Suppose that the controllability decomposition ofẋ i =
, and there ex-
, e s i (s i )}, which means there exists at least one i such that
Theorems 2 and 3, one obtains thatẋ c =Ā cxc +Ācxc +b c u is controllable if and only if (Ā c ,b c ) is controllable and the interconnection topology is leader-follower connected, whereẋ c = (ẋ 1c ,ẋ 2c , · · · ,ẋ nc ),
Considering that Network (7) is {ξ i j ⊗ e i |i = 1, · · · , n; j = 1, · · · , s i }-uncontrollable if and only ifẋ c =Ā cxc +Ācxc +b c u is controllable under the protocol, and (Ā c ,b c ) is controllable (which is proved), according to Definition 1, one declares that Network (7) is {ξ i j ⊗ e i |i = 1, · · · , n; j = 1, · · · , s i }-uncontrollable.
Examples
In this section, two examples are provided to illustrate the main results in this paper.
Example 3 Consider Network (2) with five third-order agents, i.e.,ẋ Figure 2 is leader-follower connected. However, the union graph of them is given in Figure 5 , which is controllable. Actually, if one selects k 1 = k 2 = k 3 = 1, the high-order network becomes controllable.
Example 4 For Network (7) with heterogeneous dynamic agents, the interconnection topology is depicted in Figure 6 . Suppose that the dynamics of the agents areẋ is not controllable. However, if the feedback gains are selected as β 1 = 1, β 2 = (2, 0) T , β 3 = (3, 0, 0) T , the network becomes controllable. Therefore, the effect of β 1 , β 2 , β 3 has two aspects. One is to make the agents able to communicate with each other, and the other is actually to benefit achieving controllability. In addition, if any of the two edges is broken, the network becomes uncontrollable immediately.
Conclusions
In conclusion, we considered controllability of heterogeneous multi-agent networks. The main results in this paper provided graphic necessary and sufficient conditions on controllability of heterogeneous- topology networks and heterogeneous-dynamic networks. For an MAN with high-order dynamic agents, it is controllable if and only if there exists a Laplacian matrix, which is a linear combination of the Laplacian matrices of each order information, whose corresponding topology is controllable, and the topology corresponding to the first-order information should be leader-follower connected. For an MAN with different generic-linear dynamic agents, the necessary and sufficient condition for controllability of the network is that each agent contains a controllable dynamic and the interconnection topology of the network is leader-follower connected. All the results in this paper are suitable for weighted topologies and multiple leaders.
